Abstract. Suppose µ is an α-dimensional fractal measure for some 0 < α < n. Inspired by the results in [14], we discuss the L p -asymptotics of the Fourier transform of f dµ by estimating bounds of lim inf L→∞
Introduction
One of the basic questions in harmonic analysis is to study the decay properties of the Fourier transform of measures or distributions supported on thin sets (sets of Lebesgue measure zero) in R n . Let f ∈ C ∞ c (R n ) and dσ be the surface measure on the sphere S n−1 ⊂ R n . Then using the properties of Bessel functions, | f dσ(ξ)| ≤ C (1 + |ξ|)
It follows that f dσ ∈ L p (R n ) for all p > 2n n−1 . This result can be extended to compactly supported measures on (n − 1)-dimensional manifolds with appropriate assumptions on the curvature. On the other hand, the results in [2] show that f dσ / ∈ L p (R n ) for 1 ≤ p ≤ 2n n−1 . Similar results are known for measures supported in lower dimensional manifolds in R n under appropriate curvature conditions (See page 347-351 in [13] ). However, the picture for fractal measures is far from complete.
In [12] , we related the integrability of the function and the fractal dimension of the support of its Fourier transform by proving the following theorem and its sharpness.
be such that f is supported in a set E ⊂ R n . Suppose E is a set of finite α-packing measure, 0 < α < n. Then f is identically zero, provided p ≤ 2n/α.
Inspired by results in [14] , we look for quantitative estimates for Fourier transform of fractal measures. Let E be a compact set of finite upper Minkowski's α-content. In this paper, we obtain certain quantitative versions of Theorem 1.1 by estimating the L p norm of the Fourier transform of appropriate fractal measures µ supported in E over a ball centered at origin with large radius for 1 ≤ p < 2n/α, that is, by obtaining bounds for the following:
where k depends on α, p and n.
If µ is a compactly supported locally uniformly α-dimensional measure, that is, µ(B r (x)) ≤ ar α for all 0 < r ≤ 1 and some non-zero finite constants a, then in [14] , Strichartz proved that there exists constant C independent of f such that
The authors in [9] and [10] have generalized (1.0.1) for a general class of measures. If a locally uniformly α-dimensional measure µ is supported in a quasi α-regular set, then in [14] the author proved that there exists a non-zero constant independent of f such that
Using Holder's inequality, we note from (1.0.2) that if f ∈ L 2 (dµ), where µ is a locally uniformly α-dimensional measure, then for 1 ≤ p ≤ 2,
Suppose µ is a finite measure supported on a set E such that α-dimensional upper Minkowski content of non-zero µ-measure bounded subsets S of E is non-zero and bounded above by µ(S) for some 0 < α < n, that is, lim sup ǫ→0 |S(ǫ)|ǫ α−n ≤ Cµ(S).
Note that µ need not be locally uniformly α-dimensional measure. We prove (1.0.3) for µ:
Let f ∈ L 2 (dµ) be a positive function. Then for 2 ≤ p < 2n/α, (1.0.4)
Next we prove that the above estimate (1.0.4) is optimal. Theorem 1.3. Let u be a tempered distribution supported in a set E such that α-dimensional upper Minkowski content of all non-zero µ-measure bounded subsets S of E is non-zero and bounded above by µ(S) where µ is a finite measure supported on E. Then for 2 ≤ p < 2n/α, lim sup
Then u is an L 2 density u 0 dµ on E and
Related type of results for tempered distributions supported in a smooth manifold of dimension d < n can be found in [1] , where the authors proved that if u is
where C only depends on n.
In a different direction, we consider the results of Hudson and Leckband in [7] that gives a Hardy type inequality for discrete measures. Let u
and let 1 < p ≤ 2 where c k is a sequence of complex numbers and a k is a sequence of real numbers not necessarily increasing. Assume that u(x) = f dµ 0 (x). The authors in [7] proved that if c * k denote the nonincreasing rearrangement of the sequence |c k |, then (1.0.5)
To extend the above result from zero-dimensional sets to a fractional dimensional set, the authors in [7] defined α-coherent set in R: for 0 < α < 1, a set E ⊂ R n of finite α-dimensional Hausdorff measure is called α-coherent if for all x, lim sup
where
Let E ⊂ R be either an α-coherent set or a quasi α-regular set of finite α-dimensional Hausdorff measure, for 0 < α < 1, and f ∈ L 1 (dµ), where µ = H α | E . Then the authors in [7] proved that
where C is a constant independent of f .
Using the upper Minkowski content and finding a continuous analogue of the arguments in [7] , we extend (1.0.5) and (1.0.6) to R n and also generalize (1.0.5) to any α-dimensional measure (0 < α < n) and n ≥ 1 with a slight modification in the hypothesis. For E ⊂ R n , let
Theorem 1.4. Let 0 < α < n. Let µ be a finite measure supported in the set E such that α-dimensional upper Minkowski content of all non zero µ-measure bounded subsets S of E is non-zero and bounded by µ(S). Let f ∈ L p (dµ) (1 ≤ p ≤ 2) be a positive function. Then there exists a constant C independent of f such that
We recollect some definitions and notations in the rest of this section from [4] , [5] and [11] . We study the L p -asymptotics of the Fourier transform of the fractal measures for p ≥ 2 in the Section 2 and for 1 ≤ p ≤ 2, we prove generalized Hardy inequality in the Section 3.
Let X be a metric space, F a family of subsets of X such that for every δ > 0 there are E 1 , E 2 , ... ∈ F such that diameter of E k is less than or equal to δ for all k and X = ∪ k E k . For 0 < δ ≤ ∞ and A ⊂ X, we define s-dimensional Hausdorff measure as
and d(E) denotes the diameter of the set E. The Hausdorff dimension of a set A is given by
For a non-empty subset A of R n , let A(ǫ) = {x ∈ R n : inf y∈A |x − y| < ǫ} denote the closed ǫ-neighborhood of A. Some authors call A(ǫ), the ǫ-parallel set of A or ǫ-distance set of A. Let E be a non-empty bounded subset of R n . The ǫ-covering number of E denoted by N (E, ǫ), is the smallest number of open balls of radius ǫ needed to cover E. The ǫ-packing number of E denoted by P (E, ǫ) is the largest number of disjoint open balls of radius ǫ with centres in E. The ǫ-packing of E is any collection of disjoint balls {B r k (x k )} k with centres x k ∈ E and radii satisfying 0 < r k ≤ ǫ/2. Then we have the following lemma: Lemma 1.5. [11] : Fix ǫ > 0. Let A be a non-empty bounded subset of R n and |A(ǫ)| denote the Lebesgue measure of A(ǫ), where A is a non-empty bounded subset of R n . Then,
n , where Ω n denotes the volume of the unit ball in R n . The s-dimensional upper and lower Minkowski contents of A are defined by
for some isometry R, b ∈ R n and 0 < s < 1. The number s is called contraction ratio or dilation factor of S. Let S = {S 1 , ...S m }, m ≥ 2 be a collection of finite set of similitudes with dilation factors s 1 , ..., s m (so that S j = s j R j + b j where R j denotes an isometry and b j ∈ R n ). We say that a non-empty compact set
L
p −asymptotic properties of fractal measures for 2 ≤ p < 2n/α Let µ denote a fractal measure supported in an α-dimensional set E ⊂ R n and f ∈ L q (dµ) (1 ≤ q ≤ ∞). Suppose 2 < p ≤ 2n/α. In this section, we obtain the bounds for
for some positive k.
We start recalling a few results proved in [14] :
Also, with the use of mean quadratic variation, Lau in [9] investigated the fractal measures by defining a class of complex valued σ-finite Borel measures µ on R n , M p α , for 1 ≤ p < ∞ with
For 0 ≤ α ≤ β < n, we have from [10] ,
where E δ (y) = |ξ|≤δ e 2πiyξ dξ = 2π(δ|y| −1 ) n/2 J n/2 (2πδ|y|) and J n/2 is the Bessel function of order n/2. If µ is a bounded Borel measure on R n and f = µ, then for δ > 0 and for any ball B δ (x), µ(B δ (x)) = (W δ f )(x) for almost all x ∈ R n with respect to n-dimensional Lebesgue measure. Lau studied the asymptotic properties of measures in M p α in [9] : Theorem 2.2. [9] (1)
for some constant C depending on µ. (2) Let µ be a positive σ-finite Borel measure on R n and f be any Borel µ-
In this paper, we concentrate on obtaining lower bounds for (2.0.1) as L grows to infinity. Strichartz proved in [14] an analogue of Radon-Nikodym theorem for positive measure with no infinite atoms:
Let µ be a measure with no infinite atoms, and let ν be σ-finite and absolutely continuous with respect to µ. Then there exists a unique decomposition ν = ν 1 + ν 2 such that dν 1 = φdµ for a non-negative measurable function φ and ν 2 is null with respect to µ, that is, ν 2 (A) = 0 whenever µ(A) < ∞. Remark 2.4. As observed in [14] , any locally uniformly α-dimensional measure µ can be written as dµ = φdH α + dν where ν is null with respect to H α and φ is a non negative measurable function belonging to L 1 (R n ).
In [14] , the author studied the asymptotic properties of locally uniformly α-dimensional measures and proved a Plancherel type theorem: Theorem 2.5. [14] Let µ ′ = µ + ν be a locally uniformly α-dimensional measure on R n where µ = H α | E and ν is null with respect to H α . If E is quasi regular, then for fixed y and constant c independent of y,
These results are analogous to the results proved by Agmon and Hormander in [1] when α is an integer. Applying Holder's inequality to the inequality in the Theorem 2.5, we obtain:
where c is a non zero finite constant depending on n, α and p.
The above results are proved for locally uniformly α-dimensional measure. Suppose µ is a finite measure supported on a sparse set E. If µ is such that the α-dimensional upper Minkowski content of S is non-zero and bounded above by µ(S), for any S ⊂ E such that µ(S) = 0, then µ might not be a locally uniformly α-dimensional measure. We prove an analogue result with this measure µ to the above corollary for the range 2 ≤ p < 2n/α. Theorem 2.7. Let µ be a finite measure supported in a sparse set E such that the α-dimensional upper Minkowski content of S is non-zero and bounded above by µ(S), for any S ⊂ E such that µ(S) = 0 and let f ∈ L 2 (dµ) be a positive function. Then,
where the constants C and C ′ are independent of f .
Proof. Since E is compact, without loss of generality we assume that E is contained in a large cube in the positive quadrant, that is, there exists smallest positive integer m such that for all x = (x 1 , ...
Let Q 0 be the collection of all such Q k 's whose intersection with E has non-zero µ-measure, that is, µ(Q k ) = 0. Since E is compact, there exists finite number of
where the union is finite and µ(E ′ ) = 0.
Now by the hypothesis on µ, for each k, there exists δ k such that
Let φ be a positive Schwartz function such that φ(0) = 1, support of φ is supported in the unit ball and there exists r 1 > 0 such that (2.0.4)
. Also since φ and f are positive,
Thus from (2.0.5),
Thus there exists a constant C 1 independent of ǫ, L and f such that
Hence, from (2.0.2)
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By the choice of r/L < δ
Since g is compactly supported continuous function, g is uniformly continuous and
which goes to zero as ǫ goes to zero. Therefore, from (2.0.7), e ǫ goes to zero as ǫ goes to zero. Letting ǫ to 0, we have r 1 /L ≤ δ 0 → 0. Thus (2.0.6) becomes
Since the support of φ is in the unit ball, we have
The assumption on the support of φ to be in the unit ball is used only in the last step. Consider φ(x) = e − |x| 2 2 . Proceeding in a similar way, we have
Hence the proof.
By an application of Holder's inequality, we obtain the following Corollary.
Corollary 2.8. Let f ∈ L 2 (dµ) be a positive function where µ is a finite measure supported in a set E such that the α-dimensional upper Minkowski content of all non-zero µ-measure subsets S of E is non-zero and bounded above by µ(S). Then for 2 ≤ p < 2n/α,
where the constants C and C ′ are independent of f . Now, to prove that Theorem 2.7 is optimal we prove the following lemma by closely following the arguments in [1] (also see page 174 of [6] ). Lemma 2.9. Let u be a tempered distribution supported in a compact set E. Let χ be a radial C ∞ c function supported in the unit ball and R n χ(x)dx = 1. Denote
for some non-zero finite constants C independent of ǫ and
with 1 < q ≤ ∞ and 2 ≤ p < 2n/α.
Proof. By the Plancherel theorem, . We have j a j is finite. Thus
Theorem 2.10. Fix 0 < α < n. Let µ be a finite measure supported in a compact set M such that the α-dimensional upper Minkowski content of S is non-zero and bounded above by µ(S) for any S ⊂ M with µ(S) = 0. Let u be a tempered distribution such that support of u is contained in M and σ u (r)
, C and C ′ are non zero finite constants depending only on n, α and p.
In general, for 2 ≤ p < 2n α+ n−α q , where
, C and C ′ are non zero finite constants depending on n, α, p and q.
Proof. Choose an even function χ ∈ C ∞ c (R n ) with support in unit ball and R n χ(x)dx = 1. Let χ ǫ (x) = ǫ −n χ(x/ǫ) and u ǫ = u * χ ǫ . Then by Lemma 2.9,
. Let S = supp u ∩ supp ψ where supp ψ is contained in a ball B R ψ (0) of radius R ψ . Since S is a bounded subset of M , by hypothesis, we have lim sup
For given 0 < δ < 1, there exists ǫ 0 such that for all ǫ < ǫ 0 , |S(ǫ)|ǫ
Note that 1 ≤ r < 2 in the above result. We now prove that the lower bound u r in the above theorem can be improved and that Theorem 2.7 is optimal. Theorem 2.11. Let ν be a finite Radon measure supported in a compact set E such that the α-dimensional upper Minkowski content of S is non-zero and bounded above by ν(S) for any S ⊂ E with ν(S) = 0. Let u be a tempered distribution supported in E such that for some 2 ≤ p < 2n/α, lim sup
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Then u is an L 2 density u 0 dν on E and
Then S is bounded and let M be the smallest closed cube that contains S. As in Theorem 2.7, for 0 < δ < 1, let Q 0 be the collection of all half open cubes
Hence,
where e δ = 2 
Then together with (2.0.10), e δ goes to zero as δ goes to zero. Thus from (2.0.11), for given 0 < δ < 1, there exists small ǫ 0 such that for all ǫ < ǫ 0 ,
where e δ tends to zero as δ tends to zero. Now we proceed as in the Theorem 2.10. Choose an even function χ ∈ C ∞ c (R n ) with support in unit ball and R n χ(x)dx = 1. Let χ ǫ (x) = ǫ −n χ(x/ǫ) and u ǫ = u * χ ǫ . Then by Lemma 2.9,
We have ǫ → 0 as δ → 0. Thus
Thus letting δ go to zero, together with (2.0.13),
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Thus u is an L 2 density u 0 dν on E and
In [1] , the authors studied the Fourier asymptotics of measures supported in a smooth manifold and proved similar results:
If the restriction of u to an open subset X of R n is supported by a
In this section, we obtain lower bounds for lim inf
for positive k = n − α and prove generalized Hardy inequality for fractal measures on R n of dimension 0 < α < n.
Consider the generalized Hardy inequality for discrete measures proved by the authors in [7] : Theorem 3.1. [7] Let c k be a sequence of complex numbers, a k be a sequence of real numbers and f dµ 0 denote the zero dimensional measure f (x) = ∞ 1 c k δ(x − a k ) where δ is the usual Dirac measure at zero.
(1) Let a 1 < a 2 < ... and assume f dµ 0 = c k e ia k x belongs to the class of almost periodic functions. Then,
(2) Let a k be a sequence of real numbers, not necessarily increasing and 1 < p ≤ 2. Assume that u(x) = f dµ 0 (x) converges to ∞ 1 c k e ia k x in the class of almost periodic functions. Then
where c ′ k is the nonincreasing rearrangement of the sequence |c k |.
The authors also proved generalized Hardy inequality for fractal measures f dµ on R 1 of dimension α (0 < α < 1) in [7] by generalizing part (1) of the above theorem with additional hypothesis on µ. To prove the same, they introduced α-coherent sets in R (0 < α < 1). Given x ∈ R and a set E ⊂ R, let
* where, for a set E,
The set E ⊂ R is α-coherent (0 < α < 1), if there is a constant C such that for all
where |E 0 x (δ)| denotes the one dimensional Lebesgue measure of the δ-distance set E 0 x (δ) of E 0 x . The following was proved in [7] .
where E is either α-coherent or quasi α-regular. Then, there exists a non-zero finite constant independent of f such that
Remark 3.3. Examples in [7] show that there are quasi regular sets in R which are not α-coherent and there are α-coherent sets which are not quasi regular, for given 0 < α < 1.
In this section, using the upper Minkowski content and finding a continuous analogue of the arguments used in the proof of the Theorem 3.2, we prove an analogous version of part(2) of the Theorem 3.1 for 0 < α < n, n ≥ 1 and 1 ≤ p ≤ 2 with a slight modification in the hypothesis: Theorem 3.4. Let E ⊂ R n be a compact set such that the α-dimensional upper Minkowski content of S is non-zero and bounded above by H α (S) for any S ⊂ E with H α (S) = 0 for some 0 < α < n and let µ = H α | E . Let f ∈ L p (dµ) be a positive function, for 1 ≤ p ≤ 2. Then there exists a constant C independent of f such that
First we prove the following lemma:
be the union of disjoint cubes such that 0 < |∆ δ i | < δ n . Then, there exists a non-zero finite constant C 2 independent of g L , s, δ and L such that
where P δ > 1 is a constant dependent on δ. Proof.
Since |∆ δ i | ≤ δ n and P δ > 1, f i 1 ≤ 1 and hence for all ξ, |f i (ξ)| ≤ 1. Denote F 0 ≡ 0. For all i = 1, ..., s, let
and denote F ≡ F s . Since |f i (ξ)| ≤ 1 for all i, we have |F 1 (ξ)| ≤ 1/4. Note that for all 0 ≤ t ≤ 1 and s ≥ 1,
Since for all ξ, |f 2 (ξ)| ≤ 1, we have
Then by induction F ∞ ≤ 1/4. By construction, we have
That is, for
Since for all a > 0, exp(−a)+1 a ≤ 1 and for all i, f i 2 ≤ δ −n/2 we have
Thus for all i and
Also we have F ∞ ≤ 1/4. Then,
Proof of Theorem 3.4:
Since E is a bounded set, without loss of generality we assume thatm > 1 is the smallest integer such that for all x = (x 1 , ...x n ) ∈ E, 1 ≤ x j ≤m, j = 1, ...n. Fix 0 < ǫ < 1 and m =m + 1. Then E(ǫ), the ǫ-distance set of E is contained in M = (0, m) × ...(0, m).
As in Theorem 2.7, we approximate f dµ with a Schwartz function on a fine decomposition of E(r/L), r/L-distance set of E for very small r/L depending on ǫ. First, we consider a self-similar Cantor type fractalC ǫ as in the proof of Theorem 3.2 in [7] such that C ǫ has small α-Hausdorff measure and set C ǫ the n-times cartesian product ofC ǫ .
Construct a self-similar Cantor-type set
satisfying open set condition with dilation factor 0 < η < 1 such that N η α = 1 and
and also E ′ is such that the upper Minkowski content of E ′ x is nonzero and bounded above by their Hausdorff measure. Hence
Now to approximate f dµ with a Schwartz function, we proceed as in the Theorem 2.7.
Let Q 0 denote the finite collection of all such cubes whose intersection with E that has non zero measure, that is,
Since infimum is taken over cubes in Q 0 , which is a finite collection and µ(Q) = 0, we have i ǫ1 > 0. Now, for each k, there exists δ k such that
Let φ be a positive Schwartz function such that φ(0) = 1, support of φ is supported in the unit ball and there exists r 1 > 0 such that (3.0.9)
(r/L)|, where (Q k ∩ E)(r/L) denotes the r/L-distance set of Q k ∩ E (since r = n 1/2 r 1 ). Since φ and f are positive,
By (3.0.7), there exists a constantC independent of f , ǫ, and L such that 
repeats at most 2 n times. LetQ 0 denote the collection of all Q k = {x = (x 1 , ...x n ) ∈ M : (k j − 1)ǫ 1 < x j ≤ k j ǫ 1 } where k = (k 1 , ...k n ), (0 < k j ∈ Z) such that |Q k ∩ E(r/L)| = 0. Thus from (3.0.12) and (3.0.6), there exists a constant C 0 independent of f, ǫ and L such that for all r/L ≤ δ 0 ,
0.14)
where e ǫ1 goes to zero as ǫ 1 goes to zero.
Denote δ = r/L. By the construction of C ǫ , for all k, |C ǫ (δ)| < |E ′ k (δ)|. Also, by Lemma 1.5, |C ǫ (δ)| ≥ C n P (C ǫ , δ)δ n . Denote P δ = P (C ǫ , δ) > 1, the δ-packing number of C ǫ . For j = 0, 1, ...J, let S j be the sub-collection of all Q k ∈Q 0 such that 2 j P δ δ n ≤ |E ′ k (δ)| < 2 j+1 P δ δ n . We consider only nonempty collections. Denote g L (x) = φ L * f dµ(x). Then
For each j, we can write ∪ Q k ∈Sj Q k ∩ E(δ) = S j = ∪ 
For every j, applying Lemma 3.5, we have (3.0.16) δ
We recall the following interpolation theorem due to Stein (See page 213 in [3] for the proof): Theorem 3.6. Let (R, µ) and (S, ν) be totally σ-finite measure spaces and let T be a linear operator defined on the µ-simple functions on R taking values in the ν-measurable functions on S. Suppose that u i , v i are positive weights on R and S respectively, and that 1 ≤ p i , q i ≤ ∞, (i = 0, 1). Suppose 
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